Recently, the regular local rings of prime characteristic were characterized in terms of the finiteness of injective dimension of the Frobenius map. We obtain relative versions of this result.
Let A be a noetherian local ring of prime characteristic p > 0 and let F A denote the Frobenius morphism of A. A celebrated theorem of Kunz [5] asserts that A is regular if and only if F A is flat. Later, Rodicio [9] has shown that A is regular if and only if F A has finite flat dimension. Recently Avramov, Iyengar and Miller [2] have shown that A is regular if and only if F A has finite injective dimension.
André and Radu [1] , [8] proved a relative version of Kunz's result. In order to state it, we consider the following setup. For a ring C of prime characteristic p > 0, denote by C (p) the C-algebra structure on C given by F C . Now let u : A → B be a morphism of noetherian rings of prime characteristic p > 0. We get the commutative diagram
where w B/A is given by w B/A (a ⊗ b) = ab p , for every a ∈ A, b ∈ B. Note that w B/A induces a bijection on the spectra. In particular, if w B/A is flat and
The following result was proved by André, Radu and the first author of the present paper. See [1] and [8] for the equivalence of (a) and (b), and [4, Th. 2.13] for (c). The aim of this note is to investigate relative versions of the result of Avramov, Iyengar and Miller described above, in the spirit of Theorem 1.
All rings considered in this note have prime characteristic p. Notations and terminology are as in [7] . Consider the above setup. If the ring A (p) ⊗ A B is noetherian, from the previous results we obtain: , any algebra essentially of finite type over a quasi-basic ring is quasi-basic. In particular, algebras which are essentially of finite type over a field are quasibasic. Denote by fd A (M) (resp. id A (M)), the flat (resp. injective) dimension of an A-module M.
Lemma 5 Let f : R → S be a local morphism of local noetherian rings such that id R (S) < ∞. Then fd R (S) ≤ id R (S) + edim(S).
Proof. Consider a minimal Cohen factorization of the canonical morphism R → S (see [2] ) 
So, from [2, Cor. 2.5] we obtain
• Proof. Set w := w B/A and C := A (p) ⊗ A B. Since A is a quasi-basic ring, the A-algebra A (p) is a directed union of a family (A i ) i∈I of finite subalgebras such that A (p) is flat over A i , for any i ∈ I. Then B i := A i ⊗ A B is a noetherian local ring. Consider the following commutative diagram with canonical morphisms:
Since σ i is flat, it follows that s i = σ i ⊗ A B is faithfully flat. Hence
for any B i -module E and for any n ∈ N, according to [10, Th. 11.65] . 
